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Behavior of solutions of a second order
rational difference equation

RAAFAT ABO-ZEID

ABSTRACT. In this paper, we solve the difference equation

«
Tn+1 = n:O,l,...,

TnTn_1 — 1’
where a > 0 and the initial values x_1, xp are real numbers. We find

some invariant sets and discuss the global behavior of the solutions of
that equation. We show that when o > 3%/3’ under certain conditions
there exist solutions, that are either periodic or converging to periodic

solutions. We show also the existence of dense solutions in the real line.

Finally, we show that when o < 3%@, one of the negative equilibrium

points attracts all orbits with initials outside a set of Lebesgue measure
Zero.

1. INTRODUCTION

In [9], Amleh et al. studied the difference equation
a

— n=01,...,
TpTn_1+1

(1) Ln+1 =

where the « is positive and the initial conditions are nonnegative real num-
bers. They conjectured that every solution has a finite limit but confirmed
it only when o < 2.
In [8], The authors studied the difference equation
o

I+ zpxn_1 +crn

T+l = , n=0,1,...,
where the « is positive and the initial conditions are nonnegative real num-
bers. They conjectured that the unique positive equilibrium point is globally
asymptotically stable and confirmed it only when (a — ¢)? < 4.

Kulenovi¢ et al. [24], studied equation (1) and gave a unified proof for
all values of a that the unique equilibrium is globally asymptotically stable.
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12 BEHAVIOR OF SOLUTIONS OF A SECOND ORDER RATIONAL DIFFERENCE EQUATION

For more on difference equations with quadratic terms, see [1]-[14], [16], [17],
[19], [21]-[25], [27]-[29]-
In this paper, we study the difference equation

(6%

(2) T+l = n=0,1,...,

TnTp_1 — 1’
where o > 0 and the initial conditions are real numbers. The transformation
Ty = yn_l, with y_ o =1,

Un,

reduces the difference equation (2) into the linear third order difference equa-
tion

1 1
(3) Ynt1+ —Yn— —Yn—2=0, n=0,1,....
a a
The characteristic equation of equation (3) is
1 1
(4) ¥ilpe 1 g
« a

Clear that equation (4) has a positive real root Ao for all values of a.
Equation (4) can be written as

)\3+$)\2—l:()\—/\0) (A2+ (Aﬁi)ﬂ%@ﬁi)) —0.

a
Therefore, the roots of equation (4) are
dotd /0ot - 4h0o+)

2 2
We have the following result:

)\07 )\:t =

Lemma 1.1. For equation (4), we have the following:

a > ===, then equation as one positive real root and two

1) [ s th tion (4) h it I root and t
complex conjugate roots.

(2) Ifa= %, then equation (4) has one positive real root and a repeated

negative real Toot.
(3) If a < %, then equation (4) has three real different roots, one of
them is positive and two megative roots.

Proof. 1t is sufficient to see that, the discriminant of the polynomial

1 1
pA) =X+ =N - — =0
(6] (6]
is
1 1
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2. FORBIDDEN SET AND SOLUTION OF EQUATION (2)

As the solution of equation (2) depends on «, we shall consider the three

cases given in Lemma 1.1.

2 .
Case o > Nek

2 .
When a > ENEL the roots of equation (4) are

N+l Moo+ E) — (o + L)
A and Ay = — 2“:|:i 5 .

Then the solution of equation (2) is

) aXty (%M)%(62 cos(n — 1) + ¢ sin(n — 1)0)
In = n ’
A + (o%\o)i(@ cosnb + c3sinnf)

1 1
\)\i|—\/>\o<)\0+>_\/7
« ag
3 — 1 T
_ -1 _ 0 il
0 = tan ( 1/)\0044_1)6]2,7?[.

Using the initials y_s,y_1 and yo, the values of ¢, cy and c3 are:

where

c1 = (yoc11 + y-1€12 + y—2¢13),
(6) c2 = (yoc21 +y—1¢22 +y_2c23),
c3 = (Yocs1 + y—1c32 + y—2c33),

where
'*1)\\//\ sin 0 ’*1/\'29 '*1)\‘9
Cc11 = Al o oS v, C12 = Al 0 S1N 5 C13 = Al o SIn v/,
1 . Vo . 1 . 1 .
(7) cmfA—l(asanHf /\% bll’lﬁ), czgffA—l)\oabln%', (32377A—1 Aoarsin 6,
1 . Vi 1 . 1 1 . 1
C317A1((YL0529 )\% wb&), C39 = Al( Agac0526’+)\%), C33 = A1<\//\0aw§0 )\0),
and
1 0
A = VAgacosf —+/Apasinf|

Apacos20  —Agarsin 20

o%"_‘é/"_‘ =

By simple calculations, we can write the solution of equation (3) as

Yn = V1Yo + Y2n¥Y—1 + V3nY—2,
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where
n 1\3 1 \5 .
Tin = 611)\0 + co1 (—) cosnb + c3z1 (—) sinnf,
)\00& )\00&
n 1 \% 1 \% .
(8) Yan = C12A) + €22 <—) cosnb + c3o (—) sin nd
/\()Oé )\004
\ 1\3 1\s
Yan = C13Ay + €23 (—) cosnb + c33 (—) sin nf
)\00& )\004

are such that ¢;;, 4,5 = 1,2,3 are given in (7).

- 2 .
Case a = 573"
When o = %, the roots of equation (4) are

Then the solution of equation (2) is
_alg)" ! telg)" tal-5)" (-1
=
c1(gg)" + c2(—5)" + e3(—55)"n

Using the initials y_o,y_1 and yg, the values of c1, co and ¢3 in this case are:

€1 = Yoc11 + Y—1€12 + Yy—2C13,
C2 = YocC21 + Y-1C22 + Y—2c23,
€3 = Yoc31 + Y—1C32 + Y—2C33,

where
127 4 19, 13
1 = ——« Clg = — = Cl13 = —=«
11 A, 8% 12 A, 2% 13 Ay 2%
1 9 13
9) e = A Ta”, 22 5% 23 A, 2%
181 4 127 19
31 = ——« 30 = ——« €33 = ———«
31 A, 44 32 A, 44 33 Ay 2
and
1 1 0
Ay = | 3 —%oz %a

(3a)® (%) —2(-%)
By simple calculations, we can write the solution of equation (3) in this case
as
Yn = Y1nY0 T V2n¥Y—1 + V3nY-2,

where
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Y = c11(zq)" + ea1(—35)" + esi(—g5)"n,
(10) Yon = €12(35)" + e22(—55)" + es2(—55)" ",
Yan = c13(g5)" + c23(—55)" + cas(—55)"n

are such that ¢ij, 4,J = 1,2,3 are given in (9).

Case a < 3\[
When a < f’ the roots of equation (4) are
)\O+l \/()\o+é)2—4)\0()\0+é)
)\0 and )\i = — @ 4 5
2 2
where

0< Ao < |Ag] <A

Then the solution of equation (2) is

C1/\g_1 + e\ 4 C:;/\7_f__1
Cl)\g + o™ + 03)\7_1’_

n =

Using the initials y_o,y_1 and yg, the values of ¢1, co and c3 in this case are:

€1 = Yoc11 + Y—1€12 + Yy—2C13,
C2 = Yoc21 + Y—1C22 + Y—2C23,
€3 = Yocs1 + Y-1C32 + Yy—2cs33,

where
LA = S LAy
C11 = Ag AQ_A%_ ) C12 = Ag )\2_)\3_ ) €13 = A3 )\7)\4» )
1 Ay —Xo IEDY R 1A -
11 = — 5 5 = —
( ) €21 Ag )\3_>\(2) ) C22 Ag )\3_)\% ) €23 = Ag )\+)\O ’
1 Xo— M 1 A2 — )2 1 Xo— A
31 = ——55— 39 = ——5—5— 33 = ———
A A2 TP A A BT A3 Ao
and
1 1 1
1 1
A3 =1{x > )\i
1 1 1
XN a2

By simple calculations, we can write the solution of equation (3) in this

case as

Yn = Y1n¥Yo + Y2nY—1 + V3nY-2,
where
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Yin = c11Ag + 1A + e31 0],
(12) Yon = €12y + 22\ + c32A}
Y3n = €13 + a3 A" + 33}
are such that ¢;j, 4,5 = 1,2, 3 are given in (11).
Using the previous arguments we can give the form of the forbidden set
in the following result.

Theorem 2.1. The forbidden set of equation (2) as

U{»’Co,x1 eR?: +ﬁ+73n:0}7
ne—1 ol -1 _

where Yin, Yon and Y3, are given as follows:

YinsYon and 3, are given in (8), o > %;
Yins Yo and 3, are gwen in (10), o= %;
YinsV2n and 3, are given in (12), o< %

Proof. The transformation
Ty = yn*l, with y_o =1,
Yn
reduces the difference equation (2) into the linear third order difference equa-

tion

1 1
Yol + Yo — —Yn2=0, n=0,1,....
o o
This equation has the characteristic equation
1 1
M4 A2 = =o.
« «
The solution of the characteristic equation depends on the value of its dis-
criminant according to Lemma (1.1).
When a > \f’ the roots of the characteristic equation are

Ao + £ WDo(Mo+ 1) —(Mo+1)?
o+ 5 j:i\/

A and Ay = — 5 ,

where )\q is a positive real root.
Then

1 n
Yn = 1) + <—) *(ca cosnf + cysinnf),
ag

where

1 1 _ 3 —1 T
Al =1/ doDo + =) =/ — d f=tan™' | -/ —. 7.
’i| \/0(0+(1) Oz)\(] an an ( )\00[—|—1>€]2’7T[




RAAFAT ABO-ZEID 17

Using the initials y_o,y_1 and yg, we can find the values of ¢1, co and cs.
These values are given in formulas (6). By simple calculations, we can write
the solution

Yn = V1nY0 + V2nY—-1 + V3nY—2,
where v1,,, Y2n and 73, are given in formulas (8).

But as
1 1
Y-1=—", Yo = )
r—1 o -1
we can write
71 V2
Yn = —— + — + Y3n.

T -1 Tr—q
Using the transformation

Ty = yn_l, with y_o =1,
Yn
it is clear that x,, is well-defined whenever y,, # 0, n > —1.

Therefore, the forbidden set in this case is

[e. 9]

F=J {(55074371) eR?: M Tm = 0},
1 Lol-1  T—1

where 15, Y2, and s, are given in formulas (8).
2 2 oL . .
When o = 33 and a < ENGE the proof is similar and will be omitted.
The proof is complete. O

3. INVARIANT SETS FOR EQUATION (2)

In this section, we shall give invariant sets for equation (2).
When a > %, we can write the constant

€1 = Yoc11 + Y—1€12 +y—2€13

in terms of xg and x_1 as

1 1
c11 + —ci2 + ci3.
T -1 Tr_1

ci(xo,z-1) =

By simple calculations, we can show that if (zg,z_1) is such that ¢;(zg,x_1) =
0, then (zg,z_1) lies on the rectangular hyperbola
Oz)\o 1

+ +1=0.
ToT -1 )\0!1771

Consider the set

Theorem 3.1. The set Dy is an invariant for equation (2).
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Proof. Let (xzg,z_1) € D1. We show that (z,,x,—1) € D; for each n € N.
The proof is by induction on n. The point (z¢,z_1) € Dy, implies
ag 1

+ +1=0.
ToI -1 )\Ox_l

Now for n = 1, we have

aA 1 a\ 1
O —— 1=z — 1)+ —+1
T1X0 /\0.%'0 To )\01’0
Ao 1
= Mx_1+ — —1+72 + 1.
i) )\0
But as A is a solution of equation (4), we have
1
-1+ == Oé)\().
S
Then
Oz)\() 1 )\2

+1= Xz + 222 41
0

A
:)\05671 (11L 0% >+1
ToT -1

1
:)\ox_l <_)\0l‘ 1) +1=0.

This implies that (z1,x0) € D;.
Suppose now that (z,,x,—1) € D;. That is

ag 1

T1X0 )\()CC()

+1=0.
LnTn—1 A0Tn—1
Then

A 1 A 1

aro +1=20 g — 1)+ +1
Tntl1Tn  A0Tn T O A0Ln

Ao 1

= AZp— — -1+ = 1
oxn1+$n( +)\[2)>+
Na

1
= )\an_l (—)\01_ 1) + 1=0.

Therefore, (2,41, %,) € D1 and the proof is complete. O
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Definition 3.1 ([30]). A subset N C R™ has lesbegue measure zero if for
every € > 0, there exists a collection {F1, Ea, ...} of Borel sets with

oo
N C U2, E;, Z,u(EZ) < €.
i=1
For more on lesbegue measure, one can see [15, 18, 20, 26, 31]|.

Theorem 3.2. The set Dy is of Lebesgue measure zero.

Proof. 1t is required to prove that the set

{@.g@) B ) = -5 - 2}
is of Lebesgue measure zero. We can write
Dy =5,U8_,
where
S = {(x,9(x)) € R,z > 0}
and

S_ = {(z,g9(x)) e R? z < 0}.
We show that Sy is of Lebesgue measure zero. For, let
Sy =51U.S5,,

where
S1 = {(z,9(x)) eR*1 <z < o0}
and
Sy = {(z,9(x)) € R%,0 <z < 1}.
Now consider the part ST of the set Sj in the interval [n,n + 1]. For € > 0,
there exists § > 0 such that |g(z) — g(y)| < 575z whenever |z —y| < § for
all z, y € [n,n+1].
Divide the interval [n, n + 1] into k subinterval [n+ =2, n+£], 1 <i <k
with £ < . Then
1 —1

) i—1 € i—1 € }
k k '

Sic Ul [n+ ) Tt )t

That is

M(S?)<ZM<{H+Z k n—f—;] 8 {g(n’LZ k >_#»9(”+%)+‘2n+5

But
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Then
S) =Y mS <D g =5
n=1 n=1

Similarly we can show that ;(S2) < §. Therefore, u(Sy) < € and Sy is of
Lebesgue measure zero.

The proof that S_ is of Lebesgue measure zero is similar and will be
omitted. Thus D; = S; U S_ is a union of two Lebesgue measure zero
subsets is also of Lebesgue measure zero.

This completes the proof. O
_ 2 : : .
In case a = 373" consider the following subsets:
1 2
D:{:c, eR2: —+—+1_0}
t=m) 3zy 3y
D —{(x )eRz‘i—i—l—O}
2 » Y . 31‘y \/gy 3
D {(my)€R2 2 1, 0}
3= ’ = .
Say " Vay

Note that Dy, Dy and D3 are equivalent to ci(x,y) = 0, co(z,y) = 0 and
c3(x,y) = 0 respectively. The two subsets D; and Ds are invariant subsets
for equation (2).

Finally when a < \[ We shall consider the three sets

Y
D; = {(z,y) € R?: O‘—+f+1=0}, i=1,2,3,

Ay
where
A=y, =1
A=A, i=2;
A=Ay, =3

By simple calculations, we can see that:

Cl(xay):()v Z:L
D; is equivalent to ca(x,y) =0, i=2;
c

1($,y):0, i =

D; is equivalent to

D; is equivalent to

Theorem 3.3. FEach set of the sets D;, i = 1, 2 and 3 is an invariant for
equation (2).

Proof. The proof is similar to that of theorem (3.1) and will be omitted. O
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4. GLOBAL BEHAVIOR OF EQUATION (2)

In this section, we shall investigate the behavior of equation (2) for all
values of a.

In the following results, we show that when o > %, under certain condi-
tions there exist solutions, that are either periodic or converging to periodic
solutions for equation (2).

Suppose that 6 = %7‘(’ is a rational multiple of 7, where p and g are positive
relatively prime integers such that 4 < p < g¢.

Theorem 4.1. Assume that o > % and let (zg,x—1) ¢ F. Then we have
the following:

(1) If (xo,z—1) ¢ D1, then {x,}>2_, converges to a periodic solution
with prime period q.

(2) If (zo,x—1) € D1, then {x,}22 1 is a periodic solution with prime
period q.

Proof. When o > 3%/3, the solution of equation (2) can be written

gm+i—1

cl)\gm“—l + (1) 7 (cacos(gm 4 — 1)0 4 czsin(gm + i — 1)6)

alg

clkgmﬂ + (a%\o)%ﬂ (co cos(gm +1)0 + c3sin(gm + i)0)

Lgm+i =

with 1 <17 <gq.
(1) For each i =1,2,...,q, we get

c A3a%zi71+c cos(pmm + (i — 1)0) + c3sin(pmm + (i — 1)60
Tgm—+i = V Ao 1(Ag) qmﬁ (p ( )0) + cssin(p ( ) )

c1(M\3a) 2 + cocos(pmm +if) + c3 sin(pmm + i)

As m — oo, we get

cacos(i — 1)0 + c3sin(i — 1)0
i = VA .
Tameti 0 co o816 + c3sini6

(2) Assume that (xg,x_1) € D;. Then for each i = 1,2,...,q, we get

cacos(gm +1i—1)0 + c3sin(gm +1i — 1)0
m+i — V A . . :
Tam+ 0 co cos(gm + )0 + c3sin(gm + )0
B mCQ cos(pmm + (i — 1)0) + e sin(pmm + (i — 1)0)
-V ca cos(pmm + 16) + c3 sin(pmm + i)
_ \/AO—QCQ cos(i — 1).9 +c3 s%n(.z' - 1)0' 0
co cos 16 + c3 sin 10

Suppose that § € R — 7Q is not a rational multiple of .

Theorem 4.2. Assume that o > % If § € R — 7mQ is not a rational

multiple of 7, then the solution {x,}>2 _, is dense in R.
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Proof. We can write the solution (5) of equation (2) as

o = al a(Ma) T "4 Asin((n — 1) + ¢)
" Ao c1(A3a) s + Asin(nf + ¢)

where A = \/c3 + c3 and ¢ = tan™? CQ € ]—5, 5[ Since % is an irrational
number, we can find for each [ € R a sequence wg = nkd + ¢ — 2mmy, where
{ni}32, and {m;};2, are sequences of positive integers such that

9

lim wg = 1.
k—o00

Then
- \/)\(Ta (/\Oa) —l— Asin(wy — 9)‘

1 ()\%a) %+ Asinwy,

As k — oo, we get

sin(l — 0
ool —0)
sin {
Now, consider the function
f:R/7Z - R,
sin(t — 0
Aoy Q, where t ¢ 7Z.
sint
i} S . . sin(t—0)
As the function is surjective, each number 2z € R can be written as v o=

for some ¢t € R. Then each number \/)\oasms(ifl_te) € R is a limit point of a
sequence of the set {z, :n > —1}.
This completes the proof. O

Now returning to equation (2), where the equilibrium points depends on
the values of 7. The equilibrium points are classified as the following;:
o Ifar > F’ then there is a unique positive equilibrium point 72“1 > \/g
o If = 3 f’ then there are two equilibrium points, 71 = 7 and a
negative equilibrium point 7o = f%.

o If o <« %, then there are three equilibrium points, 71 < and

Sl

two negative equilibrium points 7o and 73 such that

T —375 +4
1 + 1

nET, T
_ F1 /-3 +4
fg=——— 4
2 2
and
r3 < L <r9 <0
T3 — T2 .
V3
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Theorem 4.3. Assume that o = 3% and let (xo,z_1) ¢ F. If (xo,2_1) ¢
US_, Dy, then the solution {x,}S | converges to the negative equilibrium
point 9 = —%.
Proof. We have that

G o2 -2y )

o c1(gg)" + ea(—55)" + c3(—55)"n
a(E) ™+ ea(=vE)" ! +ep(—v3) - 1)
A(E)" + ea(—VB)" + es(—VB)m
_ la@E" )" ta=1)""(n-1)
V3 (D) + ea(=1)" + e3(~1)™n

Clear that x4, and x2,+1 converge to —%, from which the result follows. 0O

Note that: When o = #, the invariant subsets D; and Ds intersect at
1 1
(L L.

Theorem 4.4. Assume that o < % Then the equilibrium point 15 attracts
all orbits with initial points outside a set of Lebesque measure zero.
Proof. Suppose that (g, 7_1) ¢ FU(U_;D;). The set of Lebesgue measure
zero is the set F'U (U3_; D;). In fact it is a union of Lebesgue measure zero
subsets of R2.

The solution of equation (2) is
_ Cl)\gil + CQ)\Eil + 63)\3_71

Cl)\g‘ + 62)\7_7‘ + 63)\7_:‘_

1 al3) ! e el

Ay
_ 1 P
A a) et e

)n—l

As n — oo,
1 _
In — )\i =T9 |:|
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